The absorption coefficient of a material can be determined by measuring the heating which occurs as a result of ultrasonic irradiation. When narrow focused beams are used to heat a sample, or when the available volume of a material is restricted to small dimensions, then the effect of heat conduction to surrounding unheated regions becomes significant, complicating the relation between measured temperatures and acoustic parameters. In this paper new analytical expressions, which account for radial and axial heat flow in a medium, are derived for the case of Gaussian-shaped ultrasonic beam patterns in thin or semi-infinite absorbing materials. Solutions are given for temperature histories resulting from an ultrasonic impulse {pulse decay method} or a step input {rate of heating method}. The use of these equations in absorption measurements is discussed, and experimental results are given. These expressions provide flexibility in choice of laboratory ultrasonic parameters, and the results are especially useful for many biomedical measurements where the volume of tissue available is restricted.
INTRODUCTION
The ultrasonic absorption coefficient of a material can be determined by measuring the temperature elevation caused by insonation at known frequency and intensity. An embedded thermocouple probe can be used to provide instantaneous temperature readings at a point in the medium. The classical approach utilizes a 1-s duration on time at constant intensity, where the absorption coefficient is determined by measuring the slope of temperature during insonation. 1'2 This rate of heating method presumes that no significant heat conduction to surrounding, cooler regions takes place during measurement, and therefore the relation between temperature slope and absorption is given simply form the energy conservation equation: dT pc • = 2aI.
(1) dt In practice, thermal conduction from an ultrasonically heated region can occur along two principle axes. in experiments where the thermojunction is located at the center of the mainlobe, heat will flow radially to regions of lower intensity which are cooler. Heat can also flow along the axis of insonation since the surface of the test sample is usually in contact with a coupling medium which is nonabsorbing and therefore unheated. Figure 1 depicts a typical experimental arrangement using a focused beam, coupling medium, and thermocouple embedded in an absorbing material. From this figure one can judge qualitatively that the magnitude of heat loss in the radial r, and axial z, directions will depend on the beamwidth, and thermocouple depth, respectively. Guidelines have been given which relate the radial loss of heat in rate of heating measurements to the focal region size, or beamwidth. 3 No systematic treatment of the axial flow of heat to the sample surface is known by this author. The need to minimize heat conduction effects during rate of heating measurements places restrictions on sample sizes and ultrasonic beamwidths used in practice. The thermal pulse decay method for measuring absorption coefficients was developed 4 to explicitly account for beam shape and radial heat conduction effects, thereby allowing for the use of arbitrarily small, Gaussian shaped focal regions. However, the question of heat conduction in the axial direction towards the unheat-. ed coupling medium was not explicitly addressed in the development of the pulse decay equations. The effects of heat transfer to the coupling medium can become prominent, in both pulse decay and rate of heating measurements, when measurements are performed on thin tissue specimens or organs from small animals.
In this paper, the effects of heat conduction to the sur- 
A. Radial heat conduction only
In the pulse decay method, a short burst of ultrasound is used to generate an initial temperature elevation in the absorbing medium. The intensity distribution is assumed to have the Gaussian form:
and is assumed to have no variation in the axial direction.
This, of course, precludes any heat transfer in the z direction. Within this approximation, the initial excess temperature distribution in the material following a short pulse of A t-s duration is T(r) = To e-•/o,
where the proportionality between temperature and intensity is To = 2alozl t /pc. The pulse decay equations can also be used to generate analytical expressions for rate of heating curves. Beginning with the simplest case, we assume a pulse decay experiment is performed where the thermocouple is centered with respect to the focal region. In that case, r = 0 and the decay history is obtained from Eq. (5) Expressions valid for use with rate of heating experiments may also be obtained directly from the pulse decay equations. As mentioned previously, the slope of temperature rise is used to eliminate effects of viscous heating during cw insonation, so using the relations between step response and impulse response of a linear system one derives the rela- sponse-step response relationship between pulse decay and rate of heating approaches, and also validate the use of error functions to account for axial heat flow.
III. DISCUSSION
The practicability of any measurement technique depends in part on the number of parameters which must be known a priori, and the complexity of mathematics used in analysis. Therefore, it is useful to consider the degree of difficulty encountered in the approaches described herein. The simplest situation is the rate of heating measurement where heat conduction effects can be ignored. Here the absorption coefficient is given by Eq. {1 }, and accurate values for p, c, and ! must be known. Measurement of the slope, dT?dt can be done graphically since temperature is presumably increasing at a constant rate during a substantial interval. Another procedural question concerns the choice of rate of heating versus pulse decay approaches. Theoretically, these are linked by the general relations between the step response and impulse response of a linear system, and therefore the same values are obtained from either taking the derivative of rate of heating curves, or taking the absolute temperature elevation of a pulse decay curve. There are important practical considerations, however. One disadvantage of the rate of heating approach is that a time-varying derivative must be calculated from a signal which generally contains noise, introducing some computational issues and uncertainties. However, an advantage of the rate of heating method is that the absolute temperature rise obtained using cw insonation is much greater than the absolute temperatures obtainable under identical conditions but utilizing a short pulse of ultrasound. This becomes important when low absorption and/or restricted output intensity (from avoidance of cavitation or shock thresholds, for example} result in a low thermocouple signal to noise ratio. 
thus, Z/x/• > 1.2. {27}
For rate of heating experiments where the inequality must hold for t = 0.6 s, we have Z>0.7 min. For pulse decay experiments where we wish to maintain the inequality to t = 10.0 s, we obtain Z> 3.0 min. Thus, to within approximately 10% accuracy the heat flow to the coupling medium may be neglected, permitting the use of simpler expressions, when the embedded thermocouple is located around 1-mm depth for rate of heating experiments, and 3-mm depth for the pulse decay measurements. Since the radial and axial heat flow terms are separable, the above guidelines regarding thermocouple depth hold true independent of the beamwidth or/• value, used.
IV. CONCLUSION
Analytical expressions have been developed which model the flow of heat in radial and axial directions during ultrasonic heating, assuming the use of a Gausssian shaped intensity distribution. These equations can be used to measure absorption coefficients under a wide range of experimental conditions, using on or off axis, rate of heating or pulse decay methods, with arbitrary beamwidths and sample thickness. Key assumptions are that the coupling medium has no absorption or convection, but has a thermal diffusivity equal to that of the absorbing sample. Also, the intensity loss with depth due to absorption is considered to negligibly contribute to axial heat flow, so the equations presented herein would not be valid for deep thermocouple measurements in a highly absorbing medium.
The derivations provide guidelines as to when axial or radial flow may be neglected, permitting use of simpler expressions relating temperature histories and absorption. Specifically, the axial flow of heat may be neglected in typical pulse decay experiments when the thermocouple is located at least 3ram in depth and observation times are less than l0 s. For rate of heating experiments with observation times between 0.5 and 0.6 s, the thermojunction must be approximately 1 mm deep. Radial heat flow in centered rate of heating experiments can also be neglected providing observation times are limited to 0.6 s, and the half-intensity beamwidth is at least 3 ram.
These results should lead to more accurate measurements of absorption over an extended range of frequencies and sample sizes. In addition, the derivations may be of value in modeling ultrasonic applications such as hyperthermia or focal ablation of tissues.
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